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A B S T R A C T

The merger of populations expands the comparison space of incomes. As a result, measures of the income-based
social stress and of the income inequality of the constituent populations need to be replaced by new measures.
To this end, we develop a procedure for calculating the aggregate social stress and the Gini coefficient of the
merged population. We show that to calculate the aggregate social stress when the income distributions of
the constituent populations do not overlap, it is sufficient to utilize just three characteristics of the constituent
populations: their size, the levels of their aggregate income-based social stress, and their mean income. This
result carries over to the calculation of the Gini coefficient of the merged population. We also analyze the
extent to which the procedure, applied to cases where the constituent populations do not overlap, can be
extended to cases where the income distributions of the constituent populations overlap.
1. Introduction

Mergers of populations occur often, and in many spheres: they may
arise naturally or as a result of administrative considerations, and
they may be imposed or voluntarily accepted. Provinces consolidate
into regions, small municipalities merge into larger metropolitan areas,
adjacent villages experiencing population growth coalesce into towns,
and so on. Governments merge administrative units because of a
presumption that doing so will reduce duplication and costly outlays,
streamline bureaucracies, and increase efficiency and productivity
brought about by scale economies, for example. After all, classical
trade theory maintains that integration liberalizes trade and smoothes
labor and financial flows, and that larger and denser markets improve
resource allocation and the distribution of final products. Consequently,
it is posited, the welfare of the integrating populations will rise.

When populations merge, individuals’ comparison space of incomes
expands, and the set of comparators of some individuals changes.
As a result, measures of income-based social stress and of income
inequality of the constituent populations need to be replaced by new
measures. Quite often, and perhaps more often than not, in population
profiles, a standard feature used to characterize a population is the
Gini coefficient of the distribution of the population’s income. So, when
populations merge, it is natural to inquire about the Gini coefficient of
the distribution of income of the merged population. It is also natural to

✩ We are indebted to a reviewer for a thoughtful commentary, and to Audra Bowlus for advice and guidance.
∗ Correspondence to: ZEF, University of Bonn, Genscherallee 3, D-53113 Bonn, Germany.
E-mail address: ostark@uni-bonn.de (Oded Stark).

ponder whether there is a need to calculate this coefficient from scratch
or, alternatively, whether the coefficient could be gleaned from data
on the Gini coefficients of the constituent populations when they were
separate entities. In this paper, we develop an approach to doing the
latter.

We pursue a three-step procedure. First, following Sen (1973 and
1997), we express the Gini coefficient of a population as the
population’s aggregate income-based social stress divided by the
population’s aggregate income. Second, we develop a formula for
calculating the aggregate income-based social stress of a population
resulting from the merger of two populations. The formula pertains
to the case in which the incomes of the constituent populations do
not overlap. The formula is lean in requirements: all that is needed
is information on the number of members of each of the constituent
populations, the levels of aggregate stress of the constituent populations,
and the mean incomes of the constituent populations. Third, combining
the formula with information on the aggregate incomes of the
constituent populations and, hence, on the aggregate income of the
merged population leads us directly to the Gini coefficient of the
merged population; calculation from scratch of the Gini coefficient
of the merged population is not required. Lastly, we replicate the
preceding steps for the case in which the incomes of the constituent
populations overlap.
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2. Calibrating income-based social stress

In population 𝑁 ={1,2, ...,𝑛}, 𝑛≥2, let 𝑦=(𝑦1, ...,𝑦𝑛) be the vector of
incomes of the members of the population. Let these incomes be
ordered: 0 < 𝑦1 < 𝑦2 < ... < 𝑦𝑛. 𝑅𝐷𝑖 - by which we denote the
income-related social stress of individual 𝑖, 𝑖=1,2, ...,𝑛−1, whose income
is 𝑦𝑖 - is defined as

𝑅𝐷𝑖≡
1
𝑛

𝑛
∑

𝑗=𝑖+1
(𝑦𝑗 −𝑦𝑖), (1)

where it is understood that 𝑅𝐷𝑛≡0.
The idea here is to aggregate the income excesses (the differences
between the incomes that are higher than the income of individual 𝑖
nd the income of individual 𝑖) and normalize this sum, that is, divide
t by the size of the population. Because the stress of an individual
tems from having an income that is lower than the incomes of others
rather than from having a low absolute income), we refer to this stress
s income-based social stress or as income-based relative deprivation. A
etailed derivation of this representation of an individual’s social stress
s in the Online Appendix. Construction of a relative deprivation index.1

We denote by TRD the sum (aggregate) of the levels of 𝑅𝐷𝑖 in
opulation 𝑁 :

RD≡ 1
𝑛

𝑛−1
∑

𝑖=1

𝑛
∑

𝑗=𝑖+1
(𝑦𝑗 −𝑦𝑖). (2)

3. The Gini coefficient

Following Sen (1973), the Gini coefficient, G, of population
={1,2, ...,𝑛}, 𝑛≥2, with a vector 𝑦=(𝑦1, ...,𝑦𝑛) of the incomes of the
embers of the population, is defined as

≡

𝑛
∑

𝑗=1

𝑛
∑

𝑖=1

|

|

|

𝑦𝑖−𝑦𝑗
|

|

|

2𝑛2𝑦
, (3)

here 𝑦=(1/𝑛)
𝑛
∑

𝑖=1
𝑦𝑖 is the average income of the population. In Sen’s

(1973, p. 8) words: ‘‘In any pair-wise comparison the man with the
lower income can be thought to be suffering from some depression
on finding his income to be lower. Let this depression be proportional
to the difference in income. The sum total of all such depressions in
all possible pair-wise comparisons takes us to the Gini coefficient.’’ In
this paper we use income-based ‘‘depression’’ and income-based stress
interchangeably.

On noting that
𝑛
∑

𝑗=1

𝑛
∑

𝑖=1

|

|

|

𝑦𝑖−𝑦𝑗
|

|

|

= 2
𝑛−1
∑

𝑖=1

𝑛
∑

𝑗=𝑖+1
(𝑦𝑗 −𝑦𝑖), an equivalent

representation of the Gini coefficient in (3), which disposes of the need
to operate with absolute values, is

𝐺=

1
𝑛

𝑛−1
∑

𝑖=1

𝑛
∑

𝑗=𝑖+1
(𝑦𝑗 −𝑦𝑖)

𝑛
∑

𝑖=1
𝑦𝑖

= TRDTI . (4)

1 We characterize the stress that arises from having less than others as
social, and we quantify this stress by (1). In taking this approach we follow,
and are aligned with, a large body of literature on the subject of relative
deprivation and reference (comparison) groups, spanning from the pioneering
1949 two-volume study of Stouffer et al. (1949a, 1949b), through Akerlof
(1997), and all the way to recent writings, for example of Stark et al. (2017)
and Stark (2020). The latter two studies include deliberations and discussions
on the identity of the reference group, and they provide many references to
related works. By definition and construction, relative deprivation is the dual
2

of the concept of reference group or comparison group, hence the term social. P
Thus, the Gini coefficient in (4) is expressed as a ratio: TRD as defined

in (2), divided by aggregate (total) income
𝑛
∑

𝑖=1
𝑦𝑖=TI.

4. A procedure for calculating the TRD and the Gini coefficient of
a merged population

4.1. The case of nonoverlapping populations

Let there be two populations, 𝑀 and 𝑁 , and let there be 𝑚 individuals
in population 𝑀 , and 𝑛 individuals in population 𝑁 . We denote
the aggregate or the total income-based stress of each of these two
populations when apart by TRD𝑀 and TRD𝑁 , respectively. Let the
incomes of the individuals in 𝑀 be 𝑥1 <𝑥2 < ...<𝑥𝑚, the incomes of
the individuals in 𝑁 be 𝑦1 <𝑦2 < ... < 𝑦𝑛, and the highest income in
population 𝑀 be lower than the lowest income in population 𝑁 , that
is, let 𝑥𝑚<𝑦1. Thus, population 𝑀 is relatively poor, and population
𝑁 is relatively rich. We denote the mean incomes of populations 𝑀
and 𝑁 by 𝜇𝑀 and 𝜇𝑁 , respectively. Obviously, 𝜇𝑀 <𝜇𝑁 . We denote by
RD𝑀∪𝑁 the total income-based stress of the population formed by the
erger of populations 𝑀 and 𝑁 . We have the following claim.

laim 1. TRD𝑀∪𝑁 = 1
𝑚+𝑛

[𝑚TRD𝑀 +𝑛TRD𝑁 +𝑚𝑛(𝜇𝑁 −𝜇𝑀 )].

Proof. In Appendix A.

We denote the Gini coefficient of population 𝑀 ∪𝑁 by 𝐺𝑀∪𝑁 , and the
aggregate income of population 𝑀 ∪𝑁 by TI𝑀∪𝑁 . Thus,
TI𝑀∪𝑁 =𝑚𝜇𝑀 +𝑛𝜇𝑁 . We have the following remark.

emark 1. 𝐺𝑀∪𝑁 =
TRD𝑀∪𝑁
TI𝑀∪𝑁

.

The remark follows directly from (4) and Claim 1.
Because when we calculate both TRD𝑀∪𝑁 and TI𝑀∪𝑁 all that is

eeded is information on the number of members of each of the
onstituent populations, the levels of the aggregate stress of the
onstituent populations, and the mean incomes of the constituent
opulations, we can use these measurements to calculate the Gini
oefficient of the merged population. A direct calculation is not
equired.

xample 1. Let 𝑥1=1, 𝑥2=2, 𝑦1=3, 𝑦2=4. A direct calculation of the
ini coefficient of this population, as per (4), yields
1
4
(1+2+3)+ 1

4
(1+2)+ 1

4
⋅1

10
= 1
4

. A calculation based on Claim 1 and

Remark 1 yields
1
4
(2 ⋅ 1

2
+2 ⋅ 1

2
+2 ⋅2 ⋅2)

10
= 1
4

.

4.2. The case of overlapping populations

We next relax the assumption that the two populations do not overlap.
As before, we have population 𝑀 of 𝑚 individuals, population 𝑁 of 𝑛
individuals, and that the income distributions of the two populations
are given, respectively, by 𝑥1<𝑥2<...<𝑥𝑚 and
𝑦1 <𝑦2 < ... < 𝑦𝑛. However, we now allow for the possibility that the
highest income in population 𝑀 , 𝑥𝑚, is higher than the lowest income
in population 𝑁 , 𝑦1. We refer to such a circumstance as an overlap. We
have the following claim.

Claim 2. T̃RD𝑀∪𝑁 = 1
𝑚+𝑛

[

𝑚TRD𝑀 +𝑛TRD𝑁 +
𝑚
∑

𝑖=1

𝑛
∑

𝑘=1
|𝑥𝑖−𝑦𝑘|

]

.

roof. In Appendix A.
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Remark 2. 𝐺𝑀∪𝑁 =
T̃RD𝑀∪𝑁
TI𝑀∪𝑁

.

he remark follows directly from (4) and Claim 2.

xample 2. Let 𝑥1=1, 𝑥2=3, 𝑦1=2, 𝑦2=4. As in Example 1, a direct
calculation of the Gini coefficient of this population, as per (4), yields
1
4
(1+2+3)+ 1

4
(1+2)+ 1

4
⋅1

10
= 1
4

. A calculation based on Claim 2 and

Remark 2 yields
1
4
(2 ⋅1+2 ⋅1)+ 1

4
⋅6

10
= 1
4

.

xample 3. Let 𝑥1=1, 𝑥2=4, 𝑦1=2, 𝑦2=3. As in Examples 1 and 2, a
irect calculation of the Gini coefficient of this population, as per (4),

ields
1
4
(1+2+3)+ 1

4
(1+2)+ 1

4
⋅1

10
= 1
4

. A calculation based on Claim 2

ields
1
4
(2 ⋅ 3

2
+2 ⋅ 1

2
)+ 1

4
⋅6

10
= 1
4

.

. Implications

rom Claim 1 we see that the total income-based stress of a population
ormed by the merger of populations is equal to a weighted sum of the
evels of the total income-based stress of the constituent populations -
here the weights are the shares of the constituent populations in the
erged population - plus ‘‘a residual.’’ This representation is interesting

ecause a high TRD𝑀 will not measurably affect TRD𝑀∪𝑁 if the weight
𝑚

𝑚+𝑛
is small, and, similarly, a high TRD𝑁 will not measurably affect

TRD𝑀∪𝑁 if the weight 𝑛
𝑚+𝑛

is small. The ‘‘residual’’ is a measure of

closeness: when the mean incomes of the constituent populations are
similar, the residual is small, and when these mean incomes differ
significantly, the residual is large.

From 𝐺𝑀∪𝑁 =
TRD𝑀∪𝑁
TI𝑀∪𝑁

and Claim 1 we can see how the Gini

oefficient of the merged population can be decomposed by source or,
utting it differently, how the income inequalities of the constituent
opulations contribute to the income inequality of the merged
opulation. In particular, given the mean income of the richer
opulation, the higher the mean income of the poorer population is, the
ower 𝐺𝑀∪𝑁 is. What is also interesting is that it is not the case that
ne of the two constituent populations will exert a greater influence
n income inequality because of the magnitude of its TRD. Either of
he two constituent populations, if its TRD is high, will have less of an
mpact on the Gini coefficient of the merged population if its share in
he combined population is small. The impact of the richer population
n 𝐺𝑀∪𝑁 is mitigated by its TRD𝑁 if that TRD𝑁 is small, and by its
elative size when that size is small. While both the absolute size and
he relative size of a constituent population matter, it is not the case
hat the absolute or relative size of one population will inherently
atter more than the absolute or relative size of the other population.

Common to Examples 1, 2, and 3 is that each of them is of a
opulation of two individuals. In such a setting, the Gini coefficient
f the merged population will never be smaller than both the Gini
oefficients of the constituent populations. To see this, we consider the
ase in which the incomes of population 𝑀 are 0<𝑥1<𝑥2, the incomes
f population 𝑁 are 0<𝑦1 <𝑦2, and 𝑥1 <𝑦1 <𝑥2 <𝑦2.2 In this case,

𝑀 =
𝑥2−𝑥1

2(𝑥1+𝑥2)
, 𝐺𝑁 =

𝑦2−𝑦1
2(𝑦1+𝑦2)

, and 𝐺𝑀∪𝑁 =
−3𝑥1−𝑦1+𝑥2+3𝑦2
4(𝑥1+𝑦1+𝑥2+𝑦2)

. If

he Gini coefficients of populations 𝑀 and 𝑁 were both larger than
he Gini coefficient of the merged population, then the following
nequalities would have to hold:

2 This observation can easily be generalized to the case of the merger of
any two populations of two individuals each, as long as the incomes of these
populations are not identical.
3

⎧

⎪

⎨

⎪

⎩

𝑥2−𝑥1
2(𝑥1+𝑥2)

>
−3𝑥1−𝑦1+𝑥2+3𝑦2
4(𝑥1+𝑦1+𝑥2+𝑦2)

𝑦2−𝑦1
2(𝑦1+𝑦2)

>
−3𝑥1−𝑦1+𝑥2+3𝑦2
4(𝑥1+𝑦1+𝑥2+𝑦2)

.

Upon rearrangement, these inequalities simplify to
{

(𝑥1+𝑥2)2>𝑦2(𝑥2+5𝑥1)−𝑦1(3𝑥2−𝑥1)

(𝑦1+𝑦2)2<𝑦2(𝑥2+5𝑥1)−𝑦1(3𝑥2−𝑥1).
(5)

ecause the right-hand sides of the two inequalities in (5) are the
ame, this implies that (𝑥1+𝑥2)2> (𝑦1+𝑦2)2 which, given that 𝑥1<𝑦1
nd that 𝑥2<𝑦2, is a contradiction. Thus, it cannot be the case that
he Gini coefficient of the merged population will be smaller than
oth the Gini coefficients of the constituent populations. An implication
f this finding is that, in and of itself, the merger of one population
ith another population cannot serve as a policy tool for reducing the

nequality of both populations.
The merger of populations may involve 𝑛>2 constituent populations.

or such a case, we do not need a distinct protocol for calculating
he Gini coefficient. In the spirit of a proof by induction, the reason
s that the n populations can be merged sequentially; that is, we first
erge two populations and then merge this new population with a

hird population; we then merge this new population with a fourth
opulation, and so on. In doing this, we draw on formulas that are
eadily available in Claims 1 and 2 and in Remarks 1 and 2. A second,
nd probably somewhat more efficient, approach is to use the actual
nduction protocol to obtain a specific formula for the case of 𝑛>2.
his is a rather simple, albeit rather involved, algebraic exercise. To
ave space, the exposition is omitted here, but available upon request.

. Conclusion

wo appealing advantages of calculating the Gini coefficient of a
erged population by utilizing merely the sizes, the levels of the

ggregate income-based social stress, and the mean incomes of the
onstituent populations, are that this procedure affords an insight into
he contribution to inequality by source, and it delivers an efficiency
ain: we can identify the roles played by the different factors that
‘feed’’ into the coefficient, that is, ‘‘who contributes what and by how

uch,’’ and we can ‘‘get there’’ quite easily. For example, if there are 10
ncomes in each of two constituent populations, then in order to obtain
he Gini coefficient of the merged population, there is no need, as per
3), to calculate 400 income comparisons; instead, by Claim 1 and
emark 1, we can obtain the coefficient by the mere few calculations
f TRD and TI.

ppendix A. Proofs of Claims 1 and 2

roof of Claim 1. From the assumption that 𝑥𝑚<𝑦1, we know that the
ndividuals from 𝑁 do not experience income-based stress from having
ncomes that are lower than the incomes of the individuals in 𝑀 . Using
his fact and the definition of TRD in (2), we know that unfavorable
ncome comparisons occur in three parts:

RD𝑀∪𝑁 = 1
𝑚+𝑛

[𝑚−1
∑

𝑖=1

𝑚
∑

𝑗=𝑖+1
(𝑥𝑗 −𝑥𝑖)+

𝑛−1
∑

𝑘=1

𝑛
∑

𝑙=𝑘+1
(𝑦𝑙−𝑦𝑘)+

𝑚
∑

𝑖=1

𝑛
∑

𝑘=1
(𝑦𝑘−𝑥𝑖)

]

.

(A1)

he first two double sums in (A1) are clearly 𝑚TRD𝑀 and 𝑛TRD𝑁 ,
espectively, whereas the third double sum in (A1) is the contribution
o the TRD of the merged population that arises from the comparisons
f the incomes of the members of the poorer population 𝑀 with the
ncomes of the members of the richer population 𝑁 . This third double
um can be developed as follows.
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𝑚
∑

𝑖=1

𝑛
∑

𝑘=1
(𝑦𝑘−𝑥𝑖)=

𝑚
∑

𝑖=1
(

𝑛
∑

𝑘=1
𝑦𝑘−𝑛𝑥𝑖)=𝑛

𝑚
∑

𝑖=1
(𝜇𝑁 −𝑥𝑖)

=𝑛(𝑚𝜇𝑁 −
𝑚
∑

𝑖=1
𝑥𝑖)=𝑚𝑛(𝜇𝑁 −𝜇𝑀 ).

(A2)

Then, upon replacing
𝑚−1
∑

𝑖=1

𝑚
∑

𝑗=𝑖+1
(𝑥𝑗 −𝑥𝑖) with 𝑚TRD𝑀 , replacing

𝑛−1
∑

𝑘=1

𝑛
∑

𝑙=𝑘+1
(𝑦𝑙−𝑦𝑘) with 𝑛TRD𝑁 , and inserting the last part of (A2) into

(A1), we obtain

TRD𝑀∪𝑁 = 1
𝑚+𝑛

[𝑚TRD𝑀 +𝑛TRD𝑁 +𝑚𝑛(𝜇𝑁 −𝜇𝑀 )]. (A3)

Q.E.D.

Proof of Claim 2. To prove the claim, we first rewrite TRD in a form
that allows for a more convenient mathematical treatment.

Lemma 1. Let a population 𝑀 of 𝑚 individuals with incomes
𝑥1<𝑥2<...<𝑥𝑚 be given. Then

TRD𝑀 = 1
2𝑚

𝑚
∑

𝑘=1

𝑚
∑

𝑖=1

|

|

𝑥𝑘−𝑥𝑖|| . (A4)

Proof of the Lemma. For all 𝑖, 𝑘=1, ...,𝑚, 𝑖≠𝑘, either 𝑥𝑘−𝑥𝑖 >0 or
𝑥𝑖−𝑥𝑘>0. TRD in (2) includes only nonnegative differences between
incomes in a distribution. Because the TRD expression in (A4) includes
the absolute values of all the differences between incomes, it counts
a difference between a pair of given incomes twice. Thus, we can
write

1
𝑚

𝑚
∑

𝑖=1

𝑚
∑

𝑘=1

|

|

𝑥𝑘−𝑥𝑖||=2 1
𝑚

𝑚−1
∑

𝑖=1

𝑚
∑

𝑘=𝑖+1
(𝑥𝑘−𝑥𝑖), (A5)

r

1
2𝑚

𝑚
∑

𝑖=1

𝑚
∑

𝑘=1

|

|

𝑥𝑘−𝑥𝑖||=
1
𝑚

𝑚−1
∑

𝑖=1

𝑚
∑

𝑘=𝑖+1
(𝑥𝑘−𝑥𝑖). (A6)
4

ecause the right-hand side of (A6) is (2), a replacement of 𝑦𝑖 with 𝑥𝑖
otwithstanding, the left-hand side of (A6) is an alternative expression
f TRD𝑀 .
.E.D.

e now use Lemma 1 to prove Claim 2. We consider how TRD
‘behaves’’ upon the merger of two populations that overlap. Using
A4), we obtain

R̃D𝑀∪𝑁 = 1
2(𝑛+𝑚)

[ 𝑚
∑

𝑖=1

𝑚
∑

𝑗=1

|

|

|

𝑥𝑗 −𝑥𝑖
|

|

|

+
𝑛
∑

𝑘=1

𝑛
∑

𝑙=1

|

|

𝑦𝑙−𝑦𝑘||+2
𝑚
∑

𝑖=1

𝑛
∑

𝑘=1

|

|

𝑥𝑖−𝑦𝑘||

]

.

(A7)

he first two double sums in (A7) are clearly 2𝑚TRD𝑀 and 2𝑛TRD𝑁 ,
espectively. We therefore have that

R̃D𝑀∪𝑁 = 1
𝑚+𝑛

[

𝑚TRD𝑀 +𝑛TRD𝑁
]

+ 1
𝑚+𝑛

𝑚
∑

𝑖=1

𝑛
∑

𝑘=1

|

|

𝑥𝑖−𝑦𝑘|| . (A8)

Q.E.D.

Appendix B. Construction of a relative deprivation index

Supplementary material related to this paper can be obtained online at
https://doi.org/10.1016/j.econlet.2024.111585.
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